A multimode model is proposed to simulate the mode-competition low-frequency noise in semiconductor lasers taking account of the possible mechanisms of nonlinear gain saturation. A new technique is reported to generate the Langevin noise sources that induce spontaneous-emission fluctuations in dynamics of the lasing modes. The model is applied to simulate the intensity noise in AlGaAs lasers. Agreement of the simulated noise results with the experimental measurements is found. Correlation of the noise characteristics with dynamics of the mode competition is newly introduced. The low-frequency noise is enhanced when the dynamics exhibit mode hopping or a jittering single mode, and is suppressed when the stable single-mode operation is achieved.
Introduction
Operation of semiconductor lasers is affected by the mode-competition phenomena that are intrinsically caused by the nonlinear gain saturation effect [1] . The mode competition may enhance the coupling of the side modes with the dominant mode so strongly as to generate mode hopping [2] [3] [4] [5] [6] [7] . These phenomena were also proved to induce the optical feedback noise when re-injection of the laser light by optical feedback exists [8] . Analysis of noise in semiconductor lasers is commonly performed by applying the approximate small-signal analysis to treat the rate equations including Langevin noise sources that account for the intrinsic fluctuations in the modal photon number and electron number [1, 9] . However, this analysis is applicable for cases of small fluctuations compared to the dc-intensity, and its treatment becomes very complicated if a large number of modes exist. Moreover, correspondence between the noise properties and the characteristics of the inducing mode competition in the time domain is missed in that analysis. An alternative method to analyze the noise is to perform numerical integration of the rate equations [5, 7] . A typical merit of applying the latter method is to get enough insight of the dynam-
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ics of the mode competition and correlate them with the induced noise characteristics. However, reports on satisfactory numerical treatments were limited so far because of two critical problems. The first problem concerns with numerical generation of the Langevin noise sources keeping the correlations of the injected electron number with the photon numbers of the laser modes. In a previous paper, the authors proposed a systematic technique to simulate correlated Langevin noise sources in the numerical calculation for the case of single-mode operation [10] . The second problem is the correct introduction of the cross-saturations on the modal gain, which are seeds of the mode competition.
In this work, we report a new multimode simulation model of the intensity noise by extending the previous technique [10] to the case of multimode operation. The crosssaturations on the modal gain are also taken into account. The simulation results are in good correspondence with the experimental measurements.
Multimode Simulation Model
The present multimode simulation model is based on numerical integration of the following rate equations of the photon number S p of (M+1) longitudinal modes and the injected electron number N: 
The mode p=0 is assumed to center the spectral profile of the linear gain A p [11] ,
where ξ is the confinement factor of the field into the active region, a and b are material parameters, and N g is the transparent level of N. ω p is the frequency of mode p. Positive numbers p indicate modes on the higher-photon energy (shorter wavelength) side of the central mode, while negative values apply to modes on the opposite side. G th is the threshold gain level, and τ s is the electron lifetime by the spontaneous emission. Inclusion of the spontaneous emission, which triggers fluctuations in dynamics of the laser modes, into the lasing process is described by the term in the second braces in (1 describes the asymmetric saturation. Concrete analyses of the saturation phenomenon with the density-matrix theory showed that the nonlinear gain coefficients are given by [11, 12] ( ) 
R cv is the dipole moment, n r is the refractive index in the active region of volume V, τ in is the intraband relaxation time, N s is an injection level characterizing the gain saturation, S is the total photon number, and α is the linewidth-enhancement factor. This description of the gain saturation indicates that coupling occurs among the modes, which results in mode competition; an increase in the photon number of a mode causes suppression of the gain of the other modes so as to achieve the highest gain and dominate the lasing action.
The asymmetric gain saturation functions in promoting the gain of the modes on the longwavelength side while suppressing the gain of the modes on the shorter side [12, 13] . This saturation is one of the possible sources of mode hopping and mode jumping. The influence of the asymmetric gain saturation on the laser operation is enhanced at high injection levels or at large values of the α-factor, as given in (6). (1) and (2) are Langevin noise sources and function in inducing instantaneous fluctuations on S p (t) and N(t) due to the spontaneous emission and the processes of recombination and carrier generation. The sources are originally defined as Poisson random processes, and are well approximated as Gaussian ones with zero mean values. The noise sources are auto-and cross-correlated,
The terms F p (t) and F N (t) in
where V xy are the variances of the correlations and δ is Dirac's delta function. In principle, the noise sources on the photon numbers of different modes are uncorrelated, i.e.,
Here, δ here is the Kronicher delta. However, The source F N (t) is cross-correlated with the sources F p (t) because of the mutual interactions between electrons and photons during the lasing process as described in (1) and (2). This property of the cross-correlation represents a fundamental problem when generating the sources using the independent computer random number generators.
Equations (1) and (2) are transformed into a new set of equations of the modal photon numbers S p (t) and a combined quantity of ∑
in such a way that the superposing noise sources F p (t) and ∑
are uncorrelated. The orthogonality among the sources is artificially achieved by careful setting of the modal coefficient k p as
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These sources can then be generated at each sampling time t i using their auto-variances as
where g p and g N are independent Gaussian random deviates with zero mean values and variances of unity. Furthermore, if these noise sources are imagined to form an (M+2)-dimensional functional space, the noise source F N (t) can be represented in this space by
Therefore, the simulation can be done by integrating the original rate equations (1) and (2) using (11) and (13) or integrating the transformed equations (1) and (9) using forms (11) (12) . The variances of the noise sources at a time t i are determined by the mean values of S p (t) and N(t) at the preceding time t i-1 supposing quasi-steady solutions of (1-2)
The relative intensity noise RIN induced by the mode competition is calculated from the fluctuations in the total photon number
, with S being the mean value of S(t), over a finite time T with the help of the fast Fourier transform (FFT) as
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Simulation Results
In this section, we apply the proposed model to investigate the characteristics of intensity noise in AlGaAs lasers. We count a large number of 31 modes, M=15, to assure accuracy of the simulations. The corresponding 32-rate equations of (1) and (2) [14] to uniformly distributed random numbers generated by the computer random sources. The RIN is calculated via (17) after the transients of S(t) die away. Ten spectral profiles of RIN are averaged to obtain a reasonable precise statistical spectral profile. The output spectrum of the photon number is determined by averaging the modal photon number S p (t) over the integration time T.
First we show the results of applying our model in its simplest case of the single mode, i.e, M=0, to simulate the quantum noise without mode competition. The results are plotted in Fig. 1 at a current I of 2 .0 of the threshold value I th . The simulation without gain nonlinearity, i.e., B=0 in (1), are also shown to investigate influence of the nonlinear gain on the characteristics of RIN. The effect of counting the nonlinear gain is found to suppress the RIN data around the peak at the relaxation frequency. However, the lowfrequency RIN is less affected. Figure 1 also plots the RIN profile predicted by the smallsignal analysis, which was started by Haug [9] . Good correspondence is seen between the simulated noise data and those calculated by the small-signal analysis. The time-domain simulations indicate that inclusion of both the Langevin noise sources and the asymmetric gain saturation enhances the mode competition to induce instabilities on the laser dynamics and affect the noise characteristics. Four distinct examples of the simulated RIN at currents I=1.10, 1.28, 1.36 and 1.80I th are shown in Fig.  2 . The low-frequency components of the RIN are almost flat (white noise) and coincident with the quantum level when I=1.10 and 1.80I th , which correspond to multimode and stable single-mode operations, respectively. In the former operation, the instantaneous mode competition is so strong that most of the modes oscillate simultaneously. In the stable single-mode operation, the instabilities induced by coupling fluctuations of the side modes with those of the main mode is so weak that the photon number of each mode fluctuates around its dc-value. Then the induced noise corresponds to quantum noise in this case. On the other hand, the low-frequency RIN is enhanced when I=1.28 and 1.36I th , which can be understood by examining the corresponding instantaneous variation of the modal photon number S p (t) shown in Fig. 3 . Figure 3(a) shows random hopping of the modes p=0 and -1, which is seen as instantaneous coupling of fluctuations of the photon numbers of the hopping modes as well as mode switching. Moreover, the fluctuations of the mode p=+1 are coupled with those of the hopping modes. Such instabilities promote the RIN level. Figure 3(b) shows another type of unstable operation referred to as "jittering single mode", which corresponds to the so-called mode partition [2] [3] [4] [5] . The instabilities induced in the mode dynamics are generated by coupling the fluctuations of the sidemodes, p=0 and -2, with those of the main mode, p=-1. The mode competition is not strong enough in this case to bring the coupled modes to instantaneous switching. The term "single mode" is attributed, in this paper, to the high ratio of the photon number between the dominant mode and the strongest side mode, which exceeds 20 dB.
We carry out a large number of simulations to investigate the dependence of the lowfrequency RIN on current I. The simulation results at a frequency as low as 120 kHz are plotted in Fig. 4 . In order to correlate the simulated results of RIN with the mode dynamics, we examine the dynamics and the corresponding state of operation at each current value. We are able to classify the RIN results into four regions as seen in the figure: namely multimode noise, mode-hopping noise, jittering single-mode noise, and stable single-mode noise. Examples of the output spectra of the photon number in these regions are plotted at the top of the figure. Some experimental results obtained for a TJS AlGaAs DH laser to characterize the mode-hopping noise are also plotted in the figure with open circles [15] . The figure indicates good correspondence between the simulated results and the experimental data within the measured range of current. However, the measured RIN attains higher levels, which may be attributed to the noise induced by diffusion of the current from the electrode into the active region in the mechanism of the current injection [15, 16] . The peak shown around the threshold current I th is attributed to the maximum contribution of the spontaneous emission to light amplification, which rapidly decreases above threshold compared with the contribution of the stimulated emission [1] . The noise in this region corresponds to the multimode operation in which the output photon number is distributed almost uniformly among the modes as indicated by spectrum (a). The quantum level of RIN is also attained in the stable-single mode region, , the RIN decreases with current I. However, the RIN is higher than the quantum noise level because of the generated extra noise. Typical examples of the output spectra in the unstable regions of mode hopping and jittering are given in (b) and (c) of Fig. 4 , respectively.
Conclusions
We reported a new multimode model of simulating the low-frequency intensity noise induced by the mode competition in semiconductor lasers. A new technique is proposed to adopt generation of the Langevin noise sources in the laser rate equations. Correlation of the noise characteristics with the mode-competition dynamics is introduced. The intensity noise is enhanced when the laser exhibits mode-hopping or jittering operations.
